I. INTRODUCTION
he rigorous full-wave analysis of complex planar mi-T crowave components and circuits has been made possible due to large increases in computing power and the development of a number of numerical and semi-analytic techniques. However, the complexity of circuits to be analysed is increasing rapidly, along with a need for an interactive design technique rather than an analysis tool. Therefore a method is required which combines the rigorous nature of full-wave analysis with the rapid solution available from quasistatic models.
The spectral domain method (SDM) has been widely implemented for the rigorous analysis of microwave passive planar circuits. It has been shown [l] that the use of rooftop current basis functions allows an irregular metallisation pattem to be defined. As with other techniques [2] , [3] the widespread application of the method is limited by the requirement for a large amount of computer resources.
In [4] , it was proposed an efficient algorithm based on the SDM (with rooftop basis functions) which exploited the asymptotic behavior both of the Green's function and of the current distribution, thus dramatically reducing the CPU time required for a given problem. Precomputed basis functions were limited to isolated microstrip resonators. In this contribution the basic algorithm has been extended to allow the treatment of more complex structures, modelled using precomputed current basis functions.
It is envisaged that a library of such functions will allow the rapid rigorous analysis of complex metallisation patterns, with improvements in run-times of the order of 100 1000 to 100, the need to implement an iterative solution to the resulting matrix equation ( e g conjugate gradient method [ 5 ] ) has been eliminated at the present level of circuit complexity. Moreover, to the authors' knowledge this is the first time that comer singularities have been included, using precalculated basis functions, in such a general implementation of SDM.
In the following sections, the formulation of the technique is outlined, with emphasis on the features which improve efficiency and run-times. The definition of precalculated basis functions as a linear combination of the rooftop functions and the inclusion of a priori knowledge of current distribution is explained in Section 111. In Section IV a method to extract a frequency independent function to define comer singularities is introduced for the first time to authors' knowledge. Examples are given of the application of the method for two microstrip filters. Comparison is made to the original rooftop basis function model which does not include precomputed basis functions, other published results and measured data.
EQUATIONS
As in [4] a Method of Moments solution, formulated in the spectral domain, applied to a planar structure leads to the following set of equations: A Fast Fourier Transform algorithm is used to efficiently calculate the asymptotic part of the impedance matrix ( Z z in (2)) as described in [4] . ZFl and Zz2 (see Appendix A and [4] ) in (3) are actually calculated by the FFT routine and saved to file; both are independent of frequency. Then hstl and hsta are calculated once per frequency and are independent of the geometry. The summation in equation converges rapidly and N (and 1111) of the order of 20 is sufficient in many cases.
Symmetries in the impedance matrix (Zst in (1)) are included in the algorithm similar to [l] z,,(i,j) = Z x x ( j , i ) similarly for Z,, z , , = -zxy.
The same symmetries are used in the asymptotic impedance matrix FFT algorithm. Moreover, an additional symmetry is now possible to further reduce the computational effort. That is, only Z ; ( i , j ) (i 2 j ) is directly calculated, details are given in Appendix B.
CURRENT BASIS FUNCTIONS
The FIT algorithm [4] used to efficiently calculate the asymptotic sums in (2) assumes that the sub-domain basis functions are identical apart from a shift in origin. The rooftop functions preferred in this implementation differ from those commonly used [l], [7], [8] in the direction perpendicular to the current flow. Fig. l The proposed rooftops have the advantage of a minimum distance between rooftops of 1, whereas the latter E,/2 is needed due to the offset grids, thus the number of difference terms [4, Appendix] is reduced by half, with a corresponding improvement in efficiency of the FFT algorithm.
The rooftop functions can be combined to form a single function. The FFT algorithm to rapidly calculate Z g is still valid for a combined basis function. Moreover, a priori knowledge of the current distribution can be included in such a function. Reference [4] introduced the concept of precomputed basis functions for the modes of microstrip resonators. This is now expanded to allow a set of arbitrary basis functions to The current standing wave set up on a straight microstrip line is modelled as a set of line modes. Each line mode can be represented by a precalculated basis function with a: and y components. The number of modes required to fully describe a given length of line is restricted by the minimum microstrip guide wavelength (min.A,) to be modelled. That is the minimum line mode wavelength (AD) is less than the minimum microstrip guide wavelength required where AD is the wavelength of the highest order line mode and the wavelength of the dth line mode is given by The microstrip guide wavelength (A, in (8)) is taken as the wavelength for an infinite line and calculated by a two dimensional version of the technique. A simple database has been set up which holds the wavelength for different substrates and line widths etc. This allows the user to just define the maximum frequency of interest, the number of modes required for all lines is then automatically calculated.
Iv. CORNER BASIS FUNCTIONS
The analysis of arbitrary circuits involves dividing the metallisation into regions. In each region we define a set of basis functions which we will call region basis functions. For the microstrip stub in Fig. 2 (a) the highlighted region 1 is modelled by a set of basis functions which include the line modes defined by (7).
However, the set of line modes defined above are not sufficient to model metallisation discontinuities. It is possible to add extra rooftop functions in the area of a discontinuity but this approach results in relatively high numbers of basis functions; also the effect of a discontinuity can be significant along a large portion of a circuit, reducing the technique to that of a basic rooftop algorithm.
The inclusion of a priori knowledge of the perturbation of the current distribution in the set of region basis functions, reduces the order of the problem. The number of basis functions (P in (5)) is reduced from the order of 1000's to 100's (or less) for realistically complex circuits. Thus the order of the matrix equation (1) to be solved has been decreased.
A technique has been developed to "extract" the required function from a low frequency solution of the current distribution for a single comer by comparison to a similar structure which does not contain the discontinuity. Only a single function (a: and y components) is required to model the corner over the full frequency range of interest. A database of such functions is used to then model a wide range of metallisation patterns as the function depends only on the geometry of the comer.
Considering the highlighted region as an example, Fig. 2 illustrates the process for an arbitrary reentrant corner. Two metallisation patterns are shown in Fig. 2(a) and (b) , the former is a simple microstrip stub whereas the latter is a microstrip line with the same dimensions as the feedlines of the stub. Rooftops (Fig. 1) are required as the basis functions for the microstrip stub (a) but line modes ( (7) are assumed for the microstrip line (b). The excitation vector (V, in (1)) is set to give a source at port 1. Then for both metallisation patterns, (1) is solved for the set of coefficients (a, in (1)) at one spot frequency (less than the frequency band of interest). The resultant current distributions on the region of interest are plotted in Fig. 2(c) and (d) . The current distribution for the microstrip line clearly shows the edge singularity included in the line mode basis functions, the current component in the a: direction is an order of magnitude less but is included for completeness of solution. The edge singularity is evident in the corresponding region of feedline of the microstrip stub, except in the portion next to the stub. Moreover, the reentrant corner singularity can be clearly distinguished. A simple subtraction of the two normalised current distributions results in the distribution shown in Fig. 2(e) . This is the required function which includes the comer singularity. Moreover, the function compensates for the lack of edge discontinuity assumed by the line modes.
Thus a function has been derived which fully describes the perturbation of the current due to a comer over the full frequency band of interest. Moreover the function depends only on the geometry of the corner itself, not on the surrounding circuitry. That is, only the relative dimensions in a region are required to be the same (in the above example 41, by 161,). The function is also independent of substrate permittivity and thus reduces the necessity to define new functions for new circuits.
The above approach results in a set of functions which fully describe a region, each function only differs from another in a set by the individual weights (apq in (6)) of the constituent rooftop functions. Therefore both routines to calculate the Fourier transform of the current and the asymptotic impedance matrix (J(n, m) and 22 in (2)) use this fact to form efficient implementations.
The set of basis functions for the other regions of the circuit in Fig. 2(a) are derived with a similar procedure. Moreover, an identical set of basis functions can be used for the input region as previously derived for the output region except the precomputed comer function in Fig. 2(e) is mirrored in the y = 0 line. The stub region is modelled by a set of resonant modes as basis functions (similar to [4] ) and a precomputed basis function for each comer. The transition of the current between each region is achieved using either rooftop functions or another set of precomputed basis functions. Thus in the stub example an inverted ''2"' shaped area is defined by rooftop functions which overlap one sub-domain into each region.
v. SIMPLE LOWPASS FILTER
Results are available in literature for the microstrip lowpass filter [2] shown in Fig. 3 . This filter is analysed to demonstrate the equivalence of the overlapping step rooftops used here, mm and 12 = 3.81 mm in Fig. 3 ). Comparison to published results is limited by this approximation and by the assumed fully shielded structure in this implementation [4] in contrast to the the open structure in [2] . Results for the magnitude of the S-parameters for overlapping and nonoverlapping step basic rooftop models are plotted in Fig. 5 . It is evident that the two versions are equivalent, with the slight shift in response curves due to the different convergence patterns of the techniques. The overlapping step requires only 135 rooftop functions (a: and y components); whereas the nonoverlapping step needs 160 rooftops for the same definition. Moreover, the overlapping step rooftops require fewer difference terms (10). Both implementations do not fully agree with the measured [2] response curve this is due to the coarse grid and the closed nature of the model. In order to illustrate the use of the region basis functions and the efficiency of the proposed set of functions a refined grid is used in the following model (I, = w1/6 = 0.4064 mm, 1, = w2/6 = 0.4233 mm, l1 = 5.6896 mm and 12 = 6.5024 mm). This allows a closer approximation of the dimensions of the measured filter [2], without a large overhead in the number of basis functions required.
The circuit is divided into the five regions highlighted in Fig. 3 . The criterion for sub-division into regions is such that a region is defined between each discontinuity. Two comers are present in region 1 (Fig. 3) . The line mode basis functions Fig. 4 assume a simple straight line model (Le. no comers). It is proposed that only two extra region basis functions are required to describe the perturbation of the current distribution from a simple straight line to region 1. Such a region basis function is illustrated in Fig. 2(e) , note the inclusion of the corner singularity. The other regions are modelled by similar sets of precomputed basis functions which include a function for each comer in a region. Results using this model are compared to measured Sparameters [2]. A fully shielded structure is assumed in this implementation therefore comparison to the open measured data [2] is affected by the proximity of the shield walls. For example, Figs. 6 and 7 show results for the identical models of the filter except the latter is housed in a box twice the length of the former. Comparison clearly indicates convergence to measured open response, for the larger box. Note, this is limited by the introduction of box modes into the frequency band of interest.
Both models only required P = 44 (5) basis functions in total. An equivalent basic rooftop model requires P = 305 (for b = 6.773 mm in Fig. 8 ) rooftop basis functions. This results in a large decrease in CPU time as this is approximately proportional to N 3 . The run-time on a HP9000series720 workstation, using nonoptimised code, was 3 seconds to calculate Sparameters at each spot frequency. The corresponding time for a basic rooftop algorithm was 400 seconds per spot frequency. Moreover a fine grid of rooftops could be defined with a resulting improvement in modelling the current singularities without an increase in the number of region basis functions required. 
VI. MULTI-ELEMENT LOWASS FILTERS
To illustrate the efficiency and accuracy of the region basis functions the analysis of the multi-element lowpass filter in Fig. 8 is outlined.
The technique assumes a fully shielded structure; shielded measured S-parameters are available for the lowpass filters of the form shown in Fig. 8 . The structures are such that use of the basic rooftop technique is limited by the size of the matrix created by the large number of rooftops required. With reference to Fig. 8 and Table I the relative dimensions of the feedlines to the input lines and stubs results in a fine grid on the latter. A possible solution is to use different size rooftops for the feedlines and the stubshnput; but it is proposed that a more efficient use of region basis functions allows the full definition of the fine grid to be utilised, resulting in improved modeling of current singularities; with fewer functions than the former. A set of region basis functions is used to model two different versions of the lowpass filter in Fig. 8 , the dimensions of which are quoted in Table I . The input line is 141, wide (where 1, = w2/2 = 0.025 mm) and 131, (321, filter 2) long (where 1, = 0.2 mm), which for a basic rooftop model would result in 156 (403 filter 2) basis functions (P in (5)) to just model the input line. A set of region basis functions can replace this with line modes and a single discontinuity function to compensate for the step in width, resulting in only 8 basis functions. The narrow microstrip lines are simply modeled with just a set of line modes. The stubs are modeled by a set of region basis functions similar to those described in [4] which include the end effect plus two functions to model the comers. In total only P = 77 (5) basis functions are needed resulting in a runtime on a HP9000series720 of 12 seconds per spot frequency to calculate S-parameters.
The S-parameters for the two filters are compared to the measured response in Figs. 9 and 10 respectively. A close match to the measured data is evident. S11 for the filters is modeled accurately both in the passband as well as the stop band. The difference between S21 predicted and measured in the passband is due to the lossless nature of the present model. An anomaly in the measured response is evident in S21 at approximately 12 GHz to 16 GHz for the second filter, Fig.  10 , which is believed to be an inaccuracy in the measurements (note: S21 approx. -30 dB). This assumption is justified by the model accurately predicting the prominent feature at 18
GHz. Further comparison with an FDTD [3] model is currently being undertaken.
VII. CONCLUSION
A general implementation of the SDM has been presented which efficiently characterizes planar microstrip circuits of arbitrary metallisation pattern. We have shown that sets of precomputed current basis functions can be defined which include a priori knowledge of the edge and comer singularities and allow the number of unknowns required to achieve a specified accuracy to be greatly reduced. This has led to the computer time being reduced by a factor of approximately 100. A library of such functions allows the rapid rigorous analysis of realistically complex circuits containing edges and comers. The ability to perform fast rigorous analyses will allow the effective use of optimisation routines for circuit design. 
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A. Asymptotic Greens Function and Impedance Matrix
The terms of Asymptotic Greens Function are defined as h x x l = h~: y l = -hyyl= k,/(2Z0) h~~2 = -hyy2 = 1/(1+ 6) hxy2 = 0 00 ffP K, Y1 = ($ + P 2 ) 1 / 2 where a = n r / a and P = mr/b.
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The partial asymptotic impedance matrix terms are defined 2 2 1 = C~t(n7m)K,tl ( 
